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Liquid drop collisions on deformable media

WILLIAM F. ADLER

Effects Technology, Inc, 5383 Hollister Avenue, Santa Barbara, California, USA

The spatial and temporal distributions of the transient stresses generated in elastically
deformable bodies with the elastic properties of zinc selenide, polymethylmethacrylate,
and soda-lime glass have been evaluated for an idealized representation of a water drop
impacting a plane surface. The development of regions of significant tensile stresses
within the target material is clearly shown which can be related to fracture initiation in
brittle materials. The analytical approach used has its inherent shortcomings which
include the lack of obtaining the stresses at the surface in the vicinity of the Rayleigh
wave front and the fact that it is only applicable to the earliest stages of the impact event
before lateral outflow dominates. However, the idealized model reasonably approximates
the results from numerical analyses with regard to the water drop shape profile in the
initial stage of the impact when the compressibility of the water in the drop is most
significant. 1t does appear that the period of the collision covered by the analysis is where
the damage within the material originates, whether due to the deformations within the
impact zone or by the transient stress distribution established after the passage of the

shear wave into the target material.

1. Introduction

The analysis of liquid drop impingement presented
here is specialized to the experimental conditions
associated with a research programme on the
erosion of transparent materials. In order to investi-
gate the effects of multiple water drop impacts,
the target materials are exposed to a simulated
rainfield in the AFML/Bell and AFML rotating
arm facilities® The rainfield in thése facilities has
been standardized to a 2.54 cmh™! rainfall of 1.8
mm diameter water drops. Most plastics and glasses
cannot withstand exposures to this environment
for more than a few minutes at impact velocities
between 222 to 314msec’! (500 to 700 mph)
before erosion of the exposed surface is evident. In
some circumstances the utility of transparent ma-
terials is degraded at exposure times prior to when
a measureable mass loss is recorded. This fact
motivated a more careful examination of the
damage initiated on a material surface by collision
with a single water drop at subsonic velocities.

Detailed knowledge of the flow patterns and
impact pressures developed during the collision of
a liquid drop and a deformable plane surface is still
unavaijlable. The qualitative details of a liquid drop
impact have been obtained from a number of high-
speed photographic studies [1—-6]. The experimen-
tal data for spherical drops striking a solid surface
still cannot provide a quantitative description of
the temporal magnitude and distribution of the
liquid/solid interfacial pressure; however, direct
pressure measurements over a very small region of
the contact area of an impacting drop [6—10] are
beginning to supply the required information.

An estimate of the events which take place
when a liquid drop strikes a plane surface will be
reviewed as they are described in the literature and
from the damage seen in our own experiments on
the erosion of materials. This information is used
in conjunction with a simple model of the drop
collision to obtain quantitative evaluations of the
transient stress states in the target material. Know-

* The AFML/Bell rotating arm is located at Bell Aerospace Co, Wheatfield, New York; the AFML rotating arm is located

at Wright-Patterson Air Force Base, Ohio, USA.
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ing the dynamic stress conditions the target ex-
periences can be useful in describing the mode of
initial failure. The role of the impact loadings and
the response of the material target to these loadings
have not been clearly defined in the erosion litera-
ture. While all the details of the liquid drop collision
are not included in the present approach, the gen-
eral response of the target is certainly clearly
defined. The analysis has been carried out for
three materials which represent a moderately
broad range of elastic properties: soda-lime glass,
polymethymethacrylate (PMMA), and zinc selenide
(ZnSe).

2. Collision of a liquid drop with a plane
surface

The initial damage produced on solid surfaces due
to liquid drop impingement arises from two
sources: the direct pressure generated over the ex-
panding impact area in order to bring the drop to a
sudden stop and the high-velocity lateral outflow
of the liquid subsequently escaping from the high
pressure zone. In general little agreement can be
found in the literature concerning the analysis of
the sequence of events which takes place at a solid
surface impacted by a liquid drop.

When a liquid drop first strikes a plane surface,
the boundary of the contact area will be travelling
at supersonic speeds with respect to the dilatational
wave speed for the impacted body. For a homo-
geneous and isotropic elastic material, the period
of time for which the radial velocity of the contact
zone exceeds the dilatational wave speed will de-
pend on the radius and initial impact velocity of
the liquid drop and the compressibility of the
elastic material. The time-dependent radius of the
contact area during the collision of a completely
compressible liquid drop with a rigid surface is
given by

a(t) = V[2RVot — (Vo1)*] )
where V, is the impact velocity, R is the radius of
the spherical drop, and ¢ is the time elapsed from
the initial contact.

Analyses have been developed for evaluating
the pressure applied to a rigid surface due to an
impacting liquid drop or cylindrical liquid slug.
Huang [11], in particular, has presented the most
complete fluid mechanics analysis with computer
solutions to indicate the temporal and spatial
evolution of the impact pressure and lateral out-
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flow at impact velocities of 300 and 746 msec™! .
Recently, Hwang [12] extended Huang’s finite
difference computations for the collision of a
liquid drop with an elastic half-space; however, the
evaluations of the transient stress states within the
half-space exhibited a fair degree of irregularity. In
carrying out these computations, Hwang modified
Huang’s boundary conditions for a liquid drop
striking a rigid surface. Hwang viewed this case as
two drops colliding with equal but opposite vel-
ocity, instead of assuming that the velocity com-
ponent normal to the plane surface was zero, as
Huang did. This alternative view and a slight dif-
ference in the conditions along the axis of sym-
metry produced a significant difference in the com-
puted pressure distribution. These computations
neglect the viscosity and surface tension of the
liquid and are based on Tait’s equation of state for
water. The inertia effects and compressibility of
the impacting water drop are taken to be the
dominant features in these computations.
Computations for a water drop striking a de-
formable half-space at velocities up to 342 msec™
are currently being carried out by Kreyenhagen et
al. [13] who employ the Walker—Sternberg
equation of state for water. Again, discrepancies
with the previous finite difference schemes are
observed in the pressure distributions and drop
profiles which will be described subsequently.
Huang’s calculations support Engel’s contention
[14] that the pressure build-up and lateral outflow
occur simultaneously after the initial contact is
made, although the jetting is not appreciable dur-
ing the early stage of impact. This contradicts the
opinions of Morris [15], Heymann [16], and
Bowden and Field [3] that lateral flow cannot
begin before the compression wave in the fluid
moves ahead of the circular boundary between the
drop and the solid surface. At approximately 100
msec™! these calculations indicate that the critical
edge angle is on the order of a few degrees. Brunton
and Camus [5], however, provide photographic
evidence that under these conditions, the critical
angle, ¢, falls in the range 13° to 19°, or the
radius of the contact area at this point is from
0.23 to 0.33 times the radius of the drop. The
angle ¢ is measured from the axis of symmetry to
the boundary of the contact zone. Using high-
speed photography, Rochester and Brunton [8]
determined that lateral outflow initiated at a criti-
cal angle ¢ =11° at an impact velocity of 100m
sec™!. They found that the value of ¢ did not vary



for drop diameters ranging from 2 to 9 mm. It is to
be noted in the experiments of Brunton and Camus
[5] and Rochester and Brunton [8] that the drop
is a disc of liquid generally 5 mm diameter and 1.5
mm thick. The relation between the observations
for a disc-shaped drop with lateral constraint and a
spherical drop remains to be established. Rochester
and Brunton suggest that lateral outflow is observed
at ¢ =11°, since this is the angle at which the
outward edge velocity between the drop and solid
falls below the maximum possible jet velocity.
Until this condition occurs the liquid cannot
escape from under the drop.

Huang [17] has provided a plausible expla-
nation for the discrepancy between the predicted
and observed values of ¢. His description of spheri-
cal drop impingement involves a three-stage impact
process: the centre stamping zone, the annular
digging zone, and the free jetting zone. The first
stage, the centre stamping zone, is equivalent to
that assumed by Bowden and Field [3] but with
internal radial flow already occurring within the
drop. At the first contact of the drop with the
solid the maximum contact pressure is not reached
instantaneously due to the compressibility of the
fluid, but begins to build up toward the maximum
pressure as the contact time increases. Pressure
build-up initiates in the liquid in the drop at a
slightly later time corresponding to the expansion
of the contact area between the drop and the
plane surface. This time difference due to the
curvature of the drop creates radial pressure gradi-
ents which, in turn, produce internal radial flow.
The angle at which the compression wave front in
the liquid just overtakes the expanding boundary
of the contact area is designated the critical angle,
¢10. This is the condition for the lateral outflow
used by Morris [15], Heymann [16], and Bowden
and Field [3] in their analyses. As the com-
pressional wave front overtakes the interfacial
perimeter, lateral jetting begins. However, at this
point with the initiation of the annular digging
stage, the lateral jetting velocity is still not suf-
ficient to overtake the velocity of the expanding
contact area. The second critical angle, ¢,,, is the
value of the contact angle at which the velocity of
lateral jetting overtakes the velocity of the expand-
ing contact area which is decreasing as the contact
time increases. It is this second critical angle which
is observed in the high speed photographic studies,
as the free jetting stage begins.

On the other hand, Rochester and Brunton [8]
agree with Huang’s analysis for the centre stamping
zone but describe different conditions in the zone
of constrained lateral flow when ¢y, <@ < @ye.
Since the compression wave in the fluid is able to
reach a point on the free surface of the drop
before that point is overtaken by the expanding
contact perimeter, a release wave is generated
which propagates back into the liquid in the drop.
The compression wave and attached release wave
propagate along the curved wall of the drop altering
its sphericity to some extent. According to Roch-
ester and Brunton the release waves will not re-
duce the pressure along the axis of the drop which
is still increasing. This pressure will not decrease
until the edge pressure is reduced by the onset of
lateral outflow which occurs when the two release
waves (for the disc-shaped drop) intersect at the
centre of impact.

Based on the available experimental evidence
and analyses, it will be assumed that the lateral
outflow is not significant for spherical drops im-
pacting at 92 to 342msec ! until the critical con-
tact angle, ¢y, falls in the range 10° < ¢,, < 25°.
Using an idealized lquid drop model of a com-
pressible drop striking a rigid plane, the contact
radii for this condition are listed in Table 1.
Equation 1 is then used to compute the approxi-
mate time after initial contact at which lateral
outflow would take place.

Huang’s results [11} also indicate that the ratio
of the lateral jetting velocity to the impact velocity
decreases as the impact velocity increases. This
same effect is evident in the photographic study of
Jenkins and Booker [1] where 2 to 24 mm drops
were impacted on a steel surface over a velocity
range of 92 to 1140msec™!. A plot of lateral vel-
ocity as a function of the impact velocity shows
that the ratio of the velocity of lateral outflow to
the velocity of impact is approximately 6 at an im-
pact velocity of 92msec™! while it is only 2.4 at
762msec !. Fyall’s [4] measurement of radial
outflow for a 2mm drop striking a plate of poly-
methylmethacrylate at approximately 290 msec™!
resulted in roughly the same ratio between the
radial outflow and the normal impact velocity as
found by Jenkins and Booker.

Brunton and Camus [5] have also provided
photographic evidence of cavitation bubbles within
an impacting drop. Cavitation bubbles were found
at the liquid/solid interface during the early stage
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TABLE [ Critical contact zadii and elapsed times for
liquid drop impacts on rigid surfaces

Drop diameter (mm)

0.5 1.8 25
Volume (mm?®) 0.654 3.05 8.19
Mass ratio 1 4.66 12.50
Maximum contact
radius (mm)
¢ =10 0.0434 0.156 0.217
¢=15° 0.0646 0.233 0.324
¢ =20° 0.0855 0.308 0.427
¢ =25° 0.1058 0.380 0.529
Time ( usec) required
to reach maximum
contact radius when
V, =92msec™!
o=10° 0.041 0.148 0.206
=15 0.0914 0.330 0.459
¢ =20° 0.160 0376 0.799
¢ =25° 0.244 0.879 1.22
V, =222msec™!
¢ =10° 0.0169 0.0609 0.0848
¢ =15° 0.0376 0.1358 0.189
¢ =20° 0.0658 G.237 04.330
¢=125° 0.1008 0.361 0.503
¥V, =342 msec™
p=10° 0.0112 0.0402 0.056
¢ =15° 0.0248 0.0896 0.125
¢ =20° 0.0435 0.157 0.218
¢ =25° 0.0665 0.239 0.332

of impact due to a negative pressure which results
from the expansion of the compressed liquid when
sideways flow begins. Brunton and Camus explain
that the expanding liquid overshoots and a negative
pressure forms at the surface propagating into the
liquid as a tension tail to the main compression
wave. Cavitation bubbles were also found to form
near the rear face of the impacting drop due to the
reflection of the impact pressure wave from the
rear surface of the drop. The occurrence of cavi-
tation bubbles in this region was originally
suggested by Engel [14] and subsequently sup-
ported by the numerical calculations of Huang
[t1] and Hwang [12]. On the other hand, the
photographic studies conducted by Fyall [4] fora
2 mm water drop impacting a plate of polymethyl-
methacrylate at 290msec™! did not exhibit this
effect. Fyall hypothesized that the pressure wave
may be attenuated within the drop.

The above summarizes some of the current
work on the mechanics of water drop impacts on
plane surfaces. The nature of the pressure distri-
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bution which develops at a solid surface impacted
by a water drop will now be considered.

For impact velocities below 300msec’
Heymann’s analysis [16] predicts a maximum
pressure of approximately 3poCo Vo which occurs
at the periphery of the contact area between the
drop and a rigid surface where pgy, Cp, Vo are the
density, acoustic velocity, and impact velocity of
the liquid drop. A paraboloidal pressure distri-
bution is obtained by Heymann with the minimum
pressure occurring along the axis of spherical drop
passing through- the point of contact.

Huang’s numerical approach [11] indicates that
a hemispherical pressure distribution predominates
during the very early stages of the collision. The
maximum value of the pressure is reached under
these conditions. As compression of the drop con-
tinues, the distribution becomes more uniform
with a very slight increase in the magnitude of the
pressure at the periphery of the contact area. The
magnitude of the maximum value in the pressure
distribution decreases as lateral outflow becomes
more dominant. Huang’ numerical results indicate
that the maximum pressure does not exceed 0.8
00CoVy for a 2mm water drop impacting at
300msec'.

On the other hand, Hwang’s results for a 2mm
water drop impacting a rigid plane at 300 msec™?
show that the pressure rapidly rises to a value of
0.7 poCo V. The pressure distribution is spatially
uniform with the peak pressure occurring along
the axis of symmetry of the drop impact. As the
contact radius increases, the location of the maxi-
mum pressure moves to the perimeter of the con-
tact zone and the value of the pressure along the
axis of symmetry decreases. The peak pressure is
found to be 1.06 poCy Ve and occurs at a contact
radius of 0.5R, although the results from the
numerical computations for contact radii ranging
from 0.5 to 0.8R show a sizeable degree of scatter.
It does not appear that the form of the pressure
distribution stipulated by Hwang can be unequivo-
cally supported on the basis of the numerical
results he presents.

Hwang also investigated the impact of a spheri-
cal water drop on an aluminium and PMMA half-
space. He finds for PMMA that owing to the small
deformations calculated at the liquid/solid inter-
face, there is no appreciable difference between
the drop-shape profiles for a spherical drop striking
the elastic half-space and the collision with a rigid
surface, Hwang also found for the same impact



conditions the liquid/solid interfacial pressure on
elastically deformable materials was lower and
more uniform than for a rigid body. Both of these
factors tend to support the simplified modelling
approach to be presented in the next section.

Based on the limited time steps reported by
Kreyenhagen [13], the interfacial pressure has a
maximum value at the perimeter of the contact
zone in the very early stages of the collision and
becomes more uniform toward the later stages of
the impact, after lateral outflow is initiated. These
calculations show a high degree of compatability
with Huang’s results in other aspects of the mech-
anics of the collision process, except that they dis-
play a nearly instantaneous rise to the water
hammer pressure which is not found to be the case
for the results obtained from the numerical evalu-
ation of Huang [11] and Hwang [12].

Using microtransducers, Rochester and Brunton
[8] were able to obtain the spatial distribution of
direct and shear surface stresses when a solid sur-
face impacts a disc-shaped water drop 5 mm diam-
eter and 1.5mm thick. The shear stresses for
smooth surfaces are negligible with respect to the
magnitude of the applied pressure. The peak
pressure. is approximately 1.8 poCo Vo and occurs
at the edge of the impact area where ¢ = ¢, cor-
responding to #/R = 0.2. Rochester and Brunton
comment on the high edge pressures. For ¢;, <¢
< ¢y, @ particle in the front surface of the drop is
stopped by direct contact with the solid surface,
the rate of change of momentum for such a col-
lision will be higher than for a similar particle for
which ¢ > ¢g.. For ¢ > ¢y, the particle is separ-
ated from the solid by intervening jets carrying
liquid from the centre of the drop. Accordingly,
the rate of change of momentum for this particle
is reduced and it does not come into direct contact
with the solid.

Using strain gauges similar experimental results
were obtained by Johnson and Vickers [9] who
found that the maximum pressure for a cylindrical
jet impacting a solid surface was 0.67 poCy Vo
along the axis of symmetry and increased to 1.5
poCo¥o at the periphery of the jet. However,
these results for a S0mm jet diameter impacting
an aluminium plate at 46msec™! also indicated
that shear stresses of the order of 045 poCy ¥V
exist near the periphery of the jet diameter, which
is not consistent with the results of Rochester and
Brunton cited above. Kinslow [10], on the other
hand, used microtransducers to evaluate the normal

peak pressure distribution for a 7.5 mm diameter
jet impacting at 638 msec™!. He found that the
maximum pressure was 0.915 po Cy Vy and occurred
at the centre of the impact region which is consist-
ent with the predictions of Huang. The pressure
measurements were made in Imm increments,
whereas Rochester and Brunton [8] were able to
use 0.25 mm increments.

The review in this section shows that the se-
quence of events associated with a liquid drop
striking a deformable surface at subsonic to low
supersonic velocitiesis still a matter of speculation.
In view of the level of uncertainity which prevails
concerning the quantitative evaluation of the
liguid/solid interfacial pressures generated, it is
appropriate to investigate the response of the
target materials to an idealized loading condition
which may have to be modified after more defini-
tive results for liquid drop impingement have been
achieved. For the moment, the damage initiation
process in the target material can be studied in
terms of the idealized drop impingement model
corresponding to Equation 1, as outlined in the
next section.

3. Idealized model of impact event

Blowers [18] investigated the propagation of stress
waves in an elastic half-space subjected to a uni-
form pressure, p, distributed over an expanding
circular region on its surface whose time-dependent
radius is deduced from the idealized model of a
compressible liquid drop given in Equation 1
where

a(t) = [2RVyt — (Vot)21V? =J(2RV)1Y?

= k' @)

The radius of the contact area, a(¥), increases with
time according to the relation in Equation 1 which
was subsequently described by Engel [19]. The
pressure distribution on the surface of the solid
used by Blowers in his analysis is of the form

p(r. 1)

i

It

plotr< g2

It

0 for r > k2. )
The magnitude of p is assumed to be a known
quantity which has to be prescribed.

While a uniform pressure distribution over the
expanding contact area may not accurately rep-
resent the actual temporal development for a liquid
drop impact, a uniform pressure does provide a first
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approximation to the actual distribution. This ap-
proach is supported in part by Hwang’s numerical
calculations which indicate that the pressure distri-
bution is relatively uniform during the early stages
of a liquid drop impact on a deformable half-space
as opposed to a rigid half-space.

The numerical evaluation of Blower’s analytical
solution of the liquid drop impact problem com-
putes the transient stress distribution within the
elastic half-space in terms of the four non-vanishing
stress components, the principal normal stresses,
and the principal shear stresses in cylindrical co-
ordinates. Some results from this analysis will be
described for the evaluation of critical stress con-
ditions within an elastic half-space.

Although the exact spatial and temporal distri-
bution of the pressure over the contact zone, p(z,
t) in Equation 3 is not known, the one-dimensional
shock wave relations for water striking a deform-
able substrate will provide general order of magni-
tude approximations to p. The balance of momen-
tum equations are

Pw = pwa(VO“Vw) (4)

and

ps = pUsVs (5)

The water drop strikes the target with an impact
velocity V. A shock wave is transmitted into the
drop at a velocity Uy, and a second shock wave is
propagated into the substrate at a velocity U
across the water/substrate interface. The particle
velocities and densities of the water and substrate
are denoted by Vy, V and py, ps, 1espectively.
Continuity of the pressures and particle velocities
at the water/substrate interface requires p; = Py
and Vg = V. Setting Vy =V, in the relation
Ds = pw yields
Vo

T S T (paUsfral) ©)

The relation between the shock velocity and par-
ticle velocity is known for water. When the shock
velocity as a function of the particle velocity is
known for the substrate, Equation 6 can be solved
for V. Then, using either Equation4 or 5, the
pressure at the water/substrate interface can be
determined.

pwlUw Vo

T 1+ (puUglpsUs)

Pw @)
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When the water drop impact velocity is small in
comparison to the acoustic velocities of water and
the substrate, Equation 7 reduces to

PwCw Vo

P 1+ (pwCalpsCs) ' (8)
where C,, and C, are the acoustic velocities for
water and the substrate.

The variation in the shock velocity for water as
a function of the particle velocity has been tabu-
lated by Rice and Walsh [20] . The expression

v,
Ug = Cp +2V, —0.1 (~C—Vl> Ve ©)

0

was derived by Huang [11] to approximate the
relation they provided. The shock data for water
will be used subsequently to evaluate the pressure
applied to selected target materials by an impacting
water drop.

The accuracy of the approximation used by
Blowers corresponding to a compressible drop
striking a rigid plane given in Equation 2 will be
gvaluated. The general relation can be rewritten

2
Ry (~[~1-> =0

Vo Vo (10)

which yields

Vot

e ) o

On the other hand, Blower’s approximation

becomes 2
Vot _ 1 [a
R 2 \R)"

For comparison, Equations 11 and 12 are plotted
in Fig. 1. It is seen that the approximation in
Equation 2 is a good representation of the exact
relation for values of (¢/R ) less than 0.5. Equation
3 will, therefore, be applicable to the largest
contact radii listed in Table I for which it is
believed lateral outflow will occur.

The velocity of the expanding circular boundary
defined by Equation 2 is initially supersonic but
decreases as £ V2. The disturbance experienced by
the solid medium will then be due to the propa-
gation of a dilatation wave travelling at a velocity,
C;, the propagation of a distortional, or shear,

(12)



1.0
=——— Exact Relation
- — — = Blower’s Approximation

0.8 r

0 0.2 0.2 0.6 0.8 1.0

(a/R) .

Figure 1 Comparison of the exact and approximate re-
lations describing the rate of expansion of the contract
area for a compressible drop striking a rigid plane.

wave travelling at a velocity, C,, and a Rayleigh
wave propagating along the surface at a velocity
Cr which is slightly less than C,. As long as the
boundary of the loaded region is moving at a
velocity a(#)> Cy, the radius of the disturbance
will be the same as that of the loaded area. When
a(t) < Cy, the disturbance will move ahead of the
load and will continue to travel at the sonic
velocity of the medium. The time at which (¢) =
C; can be determined from Equation 2

k )2
T = [==1.
! 2C,
Correspondingly, the shear wave will move ahead
of the loaded region when

k 2

-l
_ (£ 1—v

¢t = (P)((l+u)(1—2v)) (15)

(- )

where E is Young’s modulus, » is Poisson’s ratio,
and p is the density of the medium.

The deformation of a spherical water drop
striking rigid and elastically deformable surfaces
have been computed by a few investigators. It is
interesting to compare the results from these
numerical computations with the idealized model
in Equation 2 of the impact event for the siress

(13)

(14)

where

3 (16)

wave computations. Hwang’s computations [12]
are based on inviscid compressible liquid. The
shape of a 2mm drop striking a rigid surface at
300msec™! is shown in Fig. 2a: the dashed lines
indicate the shape corresponding to a perfectly
compressible drop impacting a rigid surface. The
shape profiles from Kreyenhagen’s numerical
solution [13] for a 1 mm drop impacting at 205m
sec™ are shown in Fig.2b and again the corre-
sponding profiles for a perfectly compressible drop
are indicated by the dashed curves. The comparison
with both numerical procedures suggest that
incompressibility effects are not significant for
a/R < 0.5 which includes the contact radii listed
in Table I to be used in the stress wave compu-
tations, so the transient stress distributions reported
here should be indicative of the very early stages
of the water drop collision.

The shape history for the drop impact shown in
Fig. 2b seems to indicate a more rapid expansion
of the contact area than that corresponding to
Hwang’s computations or the idealized model. The
relative magnitude of the liquid/solid interfacial
pressure computed by Kreyenhagen during the
initial stages of the impact is also found to be
considerably lower than the values reported by
Hwang.

t=20
t = 0.167usec
t = 0.333usec
t = 0.667usec
t = 1.0usec
+
0 0.5 1.0 rimm)
t=20
—t = 0.13usec
t = 0.26usec
t = 0.76usec
+
y4 i
0 0.2 04 0.6 r(mm)

Figure 2 Computed temporal profiles of water drops
striking a rigid plane. (a) 2 mm water drop impacting at
300msec™!; (b) 1 mm water drop impacting at 205m
sec™t.
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Limited numerical results are provided in
Blowers® paper for the case when Poisson’s ratio
v = 0.3, Blowers shows that the transient radial
and azimuthal surface stresses at time ¢ = 87, are
primarily compressive with extremely high tensile
stresses found only in a narrow band immediately
behind the Rayleigh wave front. Blowers comments
that although extreme radial tensions arise, the
radial dimensions in which they occur are always
quite smail. Thus, each point experiences the
critical tension for an extremely short duration.
Blowers conjectures that this result of the analysis
tends to raise doubt in the effectiveness of the
Rayleigh wave as the cause ofliquid impact erosion
damage. The stress states associated with the Ray-
leigh wave have been proposed by Bowden and
Field [3] as initiating fracture in glass specimens
impacted by a water jet at 600msec™ .

More extensive computations, to be described
shortly, using Blowers’ analysis indicate that this
conclusion regarding the duration of eritical
tensile stresses may have been premature. These
computations indicate that there are locations in
the interior of the half-space where significant
tensile stresses develop for a reasonable length of
time in relation to the duration of the impact
event. The stresses associated with a 1.8 mm water
drop striking zinc selenide, polymethylmethacryl-
ate, and soda lime glass at 222msec™! are com-
puted to cover a range of material response and
subsequently to compare the results from these
computations with the actual damage observed on
these materials. In addition, numerical compu-
tations were carried out for the range of drop
diameters and velocities listed in Table I for a
half-space having the elastic properties of zinc
selenide.

¥ ¢

. iAW ’

Figure 3 Multiple ripple formation of polysulphone due to a single 1.8 mm water drop impacting at 222 msec™*.
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The numerical solutions for Blowers’ equations
provide the stresses at all points within the elastic
half-space except in the vicinity of the Rayleigh
surface wave at and near the surface where a non-
removable singularity in the equations prevails.
Many attempts were made to overcome this diffi-
culty in the numerical computations, but without
success. The computed resulis reported here are
given at locations within a few microns below the
surface of the half-space where the calculated
stresses are reasonably well-behaved including the
regions in the vicinity of the Rayleigh wave front.

4, Computed stress distribution within an
elastic half-space

Individual water drop imprints have been found on
some of the materials tested in the AFML/Bell
erosion facility. The best examples are shown in
Figs. 3 and 4 for polysulphone and polymethy-
methacrylate (PMMA) for a 1.8 mm drop diameter
impacting at 222msec™. Although the form of

‘

Figure 4 Imprint on the surface of polymethylmethacryl-
ate due to a single 1.8 mm water drop impacting at 222 m
sec™t.

(.

- #®

1



Figuyre 5 Ring crack formation on zinc sulphide due to
1.8 mm water drops impacting at 222 msec™".

the damage surrounding a central undamaged zone
is different in the case of polysulphone and PMMA,
the general features of the damage correspond to
those found by otherinvestigators at higher impact
velocities. The central undamaged area for each
material is approximately 0.34 to 0.38 mm radius
which is only attained at the larger contact angles
for the maximum contact radii listed in Table L
The cause of the damage is still a matter of specu-
lation. Polysuiphone displays 2 high degree of
ductility when exposed to the strain-rates imposed
during water drop impacts, while PMMA behaves
in a semi-brittle manner under these conditions.

Zinc selenide and zinc sulphide also show a
definite tendency for moderately well-defined ring
fracture formations which appear to be due to a
single liquid drop impact as the exampile in Fig. 5
illustrates. On the other hand, glasses tested at the
same velocity with the exception of arsenic trisul-
phide, showed little tendency for ring fracture
formations. The general erosive response of selected
polymeric materials, glasses, and zinc sulphide and
selenide is summarized in Table II for water drop
impacts at 222 msect.

The observed circular damage formations can
be more readily analysed than the random forms
of damage which are a more common occurrence
in most of the materials investigated. Conjectures
will be made regarding the sequence of events
associated with the collision of a water drop with
a deformable surface based on the individual drop
imprints found on PMMA, polysulphone, and zinc
selenide. The transient stresses calculated from
Blowers’ analytical solution for a compressible
drop striking an elastic half-space will be used to
interpret the origin of the erosion damage observed
in PMMA, zinc selenide, and soda-llime glass. The
material properties required in the computer
evaluations of the governing equations are listed
in Table III. The wave velocities are computed
from the elastic moduli and densities shown using
Equations 15 and 16 for the long wavelength evalu-

TABLE II Summary of erosion behaviour of transparent materials exposed to standard rainfield at 222 msec™

Zinc sulphide,
zinc selenide

Initial impacts produce multiple ring fractures. Subsequent impacts extend the frac-
ture surfaces into the interior of the bulk material with minoz disruption of the

exposed surface of the specimen. Complex patterns of internal fractures develop with

relatively little mass loss.

Soda-lime glass,
borosilicate glass

No coherent ring fractures observed in soda-lime glass but some tendency for ring
fracture formations displayed in borosilicate glass. Generally random internal fracture

surfaces result after numerous water drops have impacted a small region of the
exposed surface. Internal fractures once initiated grow and interact to produce
highly preferential removal of material from the specimen’s surface.

Polymethylmethacrylate

Initial impacts produce multiple ring fractures. These fractures are very shallow in

PMMA which behaves in a brittle manner. Fine-scale particle remaoval occurs shortly
thereafter through ring fracture intersection and ring fracture interactions with sur-
face scratches. Fairly uniform rate of material removal takes place over the entire
area of the exposed surface as the exposure time increases.

Polysulphone,
polycarbonate

Complete and partial multiple ring formations are observed in polysulphone; only
short segments of ring formations are seen in polycarbonate. Roughening of the

surface layer of the exposed surface occurs after it receives repetitive impacts due to
ripple pattern intersections. Pit initiation takes place mainly at surface scratches
although it subsequently occurs in highly deformed regions. Material response is
ductile with evidence of permanent deformations at the rims of pits. Fracture sur-
faces originating at scratches penetrate the interior of the specimen and interact at
favorably orientated surface scratches. Material removal is initiated by an undermining
and upheaval mechanism at these sites,
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TABLE I1I Dilatational and shear wave speeds for window materials

Polymethylmethacrylate Poly- Zinc Zinc Soda-lime
sulphone selenide sulphide glass
Quasistatic High Quasistatic values
values frequency
data

Specific gravity 1.19 1.184 1.24 527 4.08 247
Young’s modulus (MPa X 10%) 0.31 090 0.25 6.71 7.44 7.0
Poisson’s ratio 0.35 0.325 0.37 0.3 0.3 0.22
Dilatational wave speed C, 2.05 2.76 1.885 4.15 4.96 5.71
(mm usec™)
Shear wave speed C, 0.985 141 0.855 2.22 2.60 343
(mmusec™!)

TABLE IV Location of shear and dilatational wave fronts (1.8 mm drop at 222 msec™" on plane z = 0)

Material Maximum angle for Loaded area (mm) Shear wave front (mm) - Dilatational wave front (mm)
lateral flow, ¢

PMMA 10° 0.156 0.157 0.204
15° 0.233 0.262 0.411
20° 0.308 0406 0.691
25° 0.380 0.721 1.033

Zinc selenide 10° 0.156 0.181 0.277
15° 0.233 0.347 0.588
20° 0.308 0.572 1.008
25° 0.380 0.847 1.522

Soda-lime glass  10° 0.156 0.238 0.365
15° 0.233 0.495 0.793
20° 0.308 0.842 1.371
25° 0.380 1.267 2.079

ation except for PMMA for which high frequency
experimental values are listed. The calculated values
for PMMA are significantly different from the
experimental values due to the viscoelastic nature
of PMMA and the frequency-dependence of the
viscoelastic moduli. Excluding polysulphone, the
other materials listed in Table III should behave
elastically.

Zinc selenide, PMMA and soda-lime glass will be
subjected to the impact of a single 1.8 mm water
drop at 222msec”™ in order to relate the stress
wave computations to the available experimental
data. The radial locations of the shear and dila-
tational wave fronts are provided in Table IV when
the contact radii reach values corresponding to
included angles ranging from 10° to 25° as recorded
in Table 1. The nature of the stress distributions in
the three materials selected will be investigated for
the larger contact angles.

4.1. Soda-lime glass
The magnitude of the stress components are nor-
malized to unity in all of the plots which will be
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described. The magnitude of the actual stress
component is found by multiplying the value on
the graph by the magnitude of the liquid/solid
interfacial pressure. Using the calculated dila-
tational wave velocity for soda-lime glass in Table
111, Equation 6 becomes

Vg = Vo
v 1+ (psCs/pwa) '

17

-1 1

For Vo =0.222 mm usec™ , ¥V, =0.020 mm usec™
and p,, = 302 MPa as determined from Equation 7.

Brittle materials will be susceptible to fracture
initiation in domains where tensile stresses of
sufficient magnitude occur. Figs. 6 to 8 provide an
overview of the regions within the half-space where
tensile stresses do exist in the soda-lime target ata
water drop impact velocity of 222 msec™. These
general distributions of tensile radial and normal
stresses when ¢ = 15°, 20° and 25° (corresponding
to Table I) indicate the dominant radial tensile
stresses are only found near the surface of the
specimen slightly ahead of the shear wave front



RADIAL DISTANCE (mm)
i) _{};2 . 0.4 0.8 0.8 1.0

4

0.2

2
Oy /
6.4
DEPTH 7" /é;"*a‘ ’Ailazal:cfm%

{mm} Front / Wave Front
HE:

0.8f=—"" <__l —

T

Figure ¢ Distribution of fensile stresses in soda-lime glass when ¢ = 15°.

RADIAL DISTANCE {mm)

g 0.2 8.4 8.8 4.8 1.4 1.2 1.4
g < i = TE

. w0z

88
DEPTH
{mm} ;
0.8

Dilatational
/ ; Wave Front S——
O
1.0

1.2 /

_.-————""‘""a/

1
:

(o i e
Prs—

1.4
Figure 7 Distribution of tensile stresses in soda-lime glass when ¢ = 20°.

RADIAL DISTANCE (mm)
¢ 0.4 0.8 1.2 1.6 2.0 24

0.4 .
f;}Ziaiaﬁa;;ai
Wave
08 Front
DEPTH
(mm) 1.2 et §
?zz
1.8
g --a—’ffx
20 ]
1
z
24

Figure 8 Distribution of tensile stresses in soda-Jime glass when ¢ == 25°,

1263



1.0

T T T T T | T T

z

Q© 0.6
r_‘—, % P=15°

— {e]

Zz | e=u @b ]
g -
£ o2 S\ '
E ..
8 [ -
» — 0
[72]
g /1
5 z
-4 9
< 2 "
a
< ¥os /
o %o. —

o L

o

1-0 1 ! 1 1 1 1
0 0.2 0.4 0.6 0.8 1.0 1.2 14

RADIAL DISTANCE (mm)

Figure 9 Variation of radial stress component in soda-lime glass with critical contact angle at z = 10 pm.

and extending back to the loaded area. Another
region of tensile radial stress exists in the vicinity
of the axis through the point of initial contact
between the drop and the target; however, the
maximum magnitude of these stresses in on the
order of 7MPa. A fairly extensive domain wherein
the normal stress components, ¢,,, are tensile can
also be seen in these plots; however, the magnitude
of these tensile stresses is quite low.

From the general maps of the stresses in a soda-
lime glass target it is concluded that critical tensile
stresses will generally occur at and near the surface
layer at a radial distance extending from just out-
side the loaded region to a point slightly beyond
the shear wave front. A relatively weak compress-

ive stress is found at the surface beyond the shear
wave front which is consistent with the photo-
graphic records of the impact event [4—6] and is
due to the fact that the loading is normal to the
plane surface of the half-space. The magnitude and
extent of the radial stresses in the vicinity of the
surface of the target will be considered further.
The radial stress component at z=10um for
various contact angles before lateral outflow
occurs is shown in Fig.9. The temporal develop-
ment of the radial stress component is shown in
Fig. 10 when ¢ = 20°. It is seen that a radial stress
of approximately 50 MPa is maintained over an
annulus ranging from 0.3 to 0.6 mm diameter for
more than 0.1 usec. A series of plots for the
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appropriate range of r,z and ¢ can be used to
construct a fairly accurate representation of the
state of stress a particular location in the half-
space experiences and the time duration over which
a critical stress state may prevail. The information
generated in this way can be correlated with
dynamic fracture mechanics analyses to estimate
the extent of crack growth.

A strong compression pulse is propagated along
the axis of symmetry which diminishes in intensity
in the radial direction as the included angle between
the axis of symmetry and the line drawn from the
point of impact to a point in the half-space in-
creases. The magnitude of the normal compressive
stress, 0,,, as a function of distance into the target
is shown in Fig. 11 along the axis passing through
the initial point of contact. In contrast to the one-
dimensional shock and plane elastic wave analyses,
the magnitude of this stress component decreases
with distance due to the geometric attenuation of
a spherical wave.

The variation in the response of the target when
the elastic properties and density are changed will
be illustrated for the case of polymethylmethacryl-
ate and zinc selenide. The primary wave speeds for
PMMA are lower than those for zinc selenide
which, in turn, are lower than those for soda-lime
glass. This difference directly affects the develop-
ment of the transient stress states in these materials.

4.2. Polymethylmethacrylate

The mechanical response of PMMA is more complex
than that associated with linearly elastic materials
to which Blowers’ analysis is applicable. The moduli
for polymeric materials are a function of the
frequency of the applied loadings; therefore, the
long wavelength approximation to the acoustic

velocities using quasistatic loading conditions are
not representative of the material response for
impact loadings. The acoustic velocities for PMMA
have been measured in the 6 to 30 MHz frequency
range [21] and will be used in the analysis which
follows.

Experimental one-dimensional shock wave
studies indicate that PMMA behaves as a non-linear
viscoelastic material below a peak stress around
700 MPa {22]. Plastic deformations may occur at
applied pressures above 700 MPa. An estimate of
the magnitude of the interfacial pressure for a
water drop impacting a solid surface at 0222 mm
usec™! can be determined from Equations 6 and 7,
since the shock wave velocity as a function of
particle velocity is known for both water and
PMMA [23]. Equation 6 can be solved to yield
Vi = 0.069 mmusec™ and from Equation 7 p =
242 MPa. Thus it is seen that plastic deformations
are not to be expected under the specified impact
conditions.

Although PMMA does not behave as a linear
elastic solid, the transient stress distributions due
to a liquid drop impact will be evaluated on this
basis. The magnitude of the applied pressure will
again be normalized to unity, so the actual magni-
tude of the stresses can be determined by whatever
procedure is used to evaluate the pressure at the
water/solid interface.

Radial tensile stresses in PMMA only occur in a
very shallow layer near the free surface of the
target for 1.8 mm drops impacting at 222 m sec™* .
The form of the radial stress for a range of values
of ¢ is shown in Fig. 12 at a depth of 10 um. The
decrease in the magnitude of the radial stress com-
ponent with depth is indicated in Fig. 13 while the
temporal development of the radial stress compo-
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nent is shown in Figs. 14 and 15. The attenuation
of the compressive normal pressure pulse with
distance into the specimen is shown in Fig. 16.

The level of sustained radial stress fora 1.8 mm
water drop striking PMMA at 222msec”™ when
¢ = 25° is approximately 75 MPa according to Fig.
12 and from 50 to 125 MPa when ¢ = 20° using
Fig. 14. The comparison with the corresponding
curves for sodadime glass is striking. The magni-
tude of the tensile stresses for PMMA is consider-
ably larger than for soda-lime glass, and the radial
dimension over which it is applied is about four
times less. It might be expected, therefore, that
the localized nature of the loading will produce
correspondingly localized deformations of the
target.
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4.3. Zinc selenide

Using the calculated dilatational wave velocity for
zinc selenide in Table III, Equation 17 yields ¥V,
=0.013mmusec”! when Vy =222msec™ . Then
Pw = 312MPa as determined from Equation 7.
The magnitude of the lquid/solid interfacial
pressure for an impact velocity of 342msec™® is
485 MPa.

The magnitude of the radial stresses in the
critical region near the surface surrounding the
point of impact is indicated in Figs. 17 and 18 for
a water drop impact of 222 and 342msec™?,
respectively. The graphs shown are for one instant
of time when the loaded area reaches an included
angle of ¢ =25°. The magnitude of the tensile
stresses can be compared for 0.5,1.8,and 2.5mm
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0.4

0.8

drop diameters. It is seen that at this time the
duration of the tensile stress for an 0.5 mm water
drop is exceedingly short. The direct effects of this
size drop at higher velocities would probably be
detrimental, but fracture initiation through stress
wave interactions with existing flaws does not
seem very probable for the short pulse durations
imposed on the target. The durations and magni-
tude of the transient tensile stresses for the 1.8
and 2.5mm drops do seem capable of producing
the circumferential fractures observed on the
surface of zinc selenide specimens. The magnitude
of the tensile stresses are comparable for the 1.8
and 2.5 mm drops; however, the duration of these
stress levels is longer for the 2.5mm drop, and
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correspondingly the resulting damage should be
more extensive. From these graphs at z = 10um
the sustained tensile radial stress g, = 60 MPa at
Vo =222msec”. At 342msec”! ¢, is main-
tained at a value exceeding 175 MPa for a reason-
ably long duration with respect to the impact
event. The magnitude of the sustained tensile
radial stress at Vo =222msec™! is comparable
to that for PMMA, however, the time duration
the tensile stress is maintained is almost four
times longer for zinc selenide.

The temporal development of the stress states
prior to lateral outflow when ¢ =25° for a 1.8
mm water drop is shown in Fig. 19. The variation
of this stress with depth into the target is indicated
in Fig. 20.
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um) with drop diameter for impacts at 342 msec™ on ZnSe

All of the plots of the stresses for the three
materials considered and a variety of impact
conditions are presented to illustrate the general
nature of the transient stress distributions within
the target. Such plots are moderately easy to
compute and can now be used to investigate the
onset of crack initiation for a range of materials
and particle impact conditions.

5. Discussion

One explanation for the circular damage formations
in Figs.3 and 4 would be that the undamaged
region is depressed during the period preceding
lateral outflow and tensile bending stresses develop
outside the depressed region {4, 24]. The material
within an annulus surrounding the central region
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is then stressed beyond the vield point and after
the applied pressure subsides, localized wrinkling
can occur within this annulus. This would account
for the ripple pattemn shown in Fig. 3 for polysul-
phone but no large-scale permanent deformations
are found within the compressed zone. The magni-
tude of the applied pressure has to be such that
the compressive stresses which develop within the
central undamaged region are not sufficient to
yield the material in this region, but the magnitude
of the deformations surrounding the central region
are sufficient to produce local yielding of the
material in tension. The same reasoning can be
applied to polymethylmethacrylate. However, due

to the semibrittle nature of this material, micro-
cracks occur in the region surrounding the de-
pressed zone in order to accommodate the tensile
field which develops during the drop impact.

An alternative line or reasoning would ascribe
the circular damage zones to stress wave phenom-
ena. The computed dilatational wave velocity, Cy,
and shear wave velocity, C,, for the polymers as
well as the corresponding values for zinc selenide,
zinc sulphide and soda-lime glass are listed in Table
I11. The stress wave computations indicate that the
critical tensile stresses occur after the shear wave
has propagated outward from the contact area.
The location of the shear wave fronts for the

1269



T T T T T T L
PMMA 1
= 200 he Zinc Selenide
ez | / i -
?_« % 100 Soda;L me Glass
-4
g p | ‘r M 7
e _ ., N
g ——— J
o |-
@ &
& @ 100
c 0
= ou ), / J
> [
Z g 20
é Q _L____/iy
300 1 B L 1
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

RADIAL DISTANCE (mm)

Figure 21 Variation of radial stress component at z = 10 um for 1.8 mm water drop impacting various materials at 222

msec™! (¢ = 20°).

contact radii considered in the numerical compu-
tations are listed in Table IV. The actual radial
stress distributions for PMMA, zinc selenide, and
soda-lime glass are shown in Fig. 21 when ¢ = 20°.
The comparison indicates that although the inten-
sity of the applied pressure is the least for PMMA
the radial stresses at this instant of time are more
confined and more intense than for the other two
materials. The depression mechanism described
earlier, therefore, seems to be supported by these
calculations in the case of polymethylmethacrylate
and polysulphone. On the other hand, the compo-
sition of the transient waves will be fully established
in the annular region around the impact zone to
which each material responds in its own way. The
magnitude of the tensile stress decreases more
rapidly in soda-lime glass as compared to zinc
selenide due to the higher wave speeds in soda-lime
glass.

The actual magnitude of the normal stress
component as a function of depth into the target
is shown in Fig. 22 for PMMA, zinc selenide and
soda-lime glass. For the normal stress component
the higher wave velocity for soda-lime glass tends
to maintain the magnitude of the stress at a higher
level to a greater depth than for the other materials
represented.

The comparison between the computed and
experimental results appears to be consistent:
the magnitude and duration-of the tiransient
tensile stresses at and near the surface must be
sufficient to initiate crack growth at a number of
locations around the central point of contact. The
interaction of subsequent drop impacts with a
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system of small fractures on the surface is still not
completely evident. Once a series of small cracks
are present on the surface it is difficult to isolate
the stress wave effects generated by a drop impact
in the vicinity of these flaws and crack propagation
which takes place due to the direct pressure
applied to a pre-existing crack. Details of the
microscopic observations of the fracture behaviour
of transparent materials will be described in sub-
sequent papers; however, much remains to be
learned about the correlation of fracture data with
the transient stress distributions in the target
materials [25].

On the basis of both the experimental and
numerical results it would seem that the analytical
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Figure 22 Variation of normal stress component (at 7 = 0)
with depth for 1.8mm water drop impacting various
materials at 222 msec™ (¢ = 20°).



approach developed here is a viable approach for
understanding the transient stresses generated in
an elastic body during the period when the direct
pressure applied to the surface by the impacting
drop dominates the collision. While some diffi-
cuities are encountered in evaluating the stresses
at the plane surface of the half-space in the analyti-
cal approach, the stress values can be prescribed
throughout the haif-space and show a consistent
variation from point to point. The finite difference
schemes, on the other hand, display a fairly high
level of irregularity in the results presented to date
due to the requirement that a reasonable grid size
be used in order to maintain economical computer
times. It is important to note that consideration of
the elastic properties alone is not sufficient to
differentiate the range of the response displayed
by materials under dynamic loadings. Additional
material characterization is required if a correlation
between the material properties and erosion
damage is to be developed as will become evident
in the publications which follow to describe the
erosion of PMMA, ZnSe and inorganic glasses.
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